We establish global existence of smooth solutions to heat flow for Yang-Mills-Higgs functional on Kähler fibrations. As an application, we give a new proof of the key inequality for Mundet's Hitchin-Kobayashi correspondence theorem using the heat flow technique.
Introduction
Assume that X is a compact Kähler manifold, G is a compact connected Lie group, and P → X is a principle G-bundle on X. Now suppose that (M, ω, µ) is a compact symplectic manifold which supports a Hamiltonian G-group action with a moment map µ : M → g. Let A be the space of connections on P , A 1,1 ⊂ A be the space of connection whose curvature belongs to Ω 1,1 (P × Ad g). Let F = P × G M → X be the associated fiber bundle (fibration) on X, L the space Γ(F) of smooth sections of F.
In 1999, Cieliebak-Gaio-Salamon [5] and Mundet [13] independently defined Gromov-Witten invariants of symplectic manifolds with Hamiltonian group actions using the vortex equation
where F A denotes the curvature of the connection A on P , ∧ the contraction with the Kähler form of X, u ∈ L, and c ∈ g is a fixed central element. They also introduced the Yang-Mills-Higgs functional (see section 2)
and prove its some fundamental properties. When X = R 2 , the functional appeared in the Ginzburg-Landau theory in particle physics, which is used to model superconductivity. When X = R 3 , G = SU (2) and P = R 3 × SU (2) is a trivial bundle, Taubes [18] studied the existence of critical points of Yang-Mills-Higgs functional. When X = Σ is a compact Riemann surface and M is a compact symplectic manifold, Song [17] proved the existence of critical points of Yang-Mills-Higgs functional above using Sacks-Uhlenbeck's perturbation method.
On the other hand, the most interesting property of the Yang-Mills-Higgs functional is that the vortex equation (1) is just the minimum equation of Yang-Mills-Higgs functional (2) . And (1) has been studied in a large number of work, for example [3-5, 9, 13-15] . Especially, Bradlow in [4] established the relation between the τ -stability of holomorphic bundles with a global section and the existence of a hermitian metric satisfying the τ -vortex equations by minimizing the so called Donaldson's functional. In [13, 14] , Mundet proved the Hitchin-Kobayashi correspondence between the c-stability and the existence of the vortex equation (1) . Hong [8] gave another proof of Bradlow's Hitchin-Kobayashi correspondence theorem by using heat flow approach, and his proof was considerably simpler than one in [4] .
Motivated by Hong's work, we investigate the Yang-Mills-Higgs functional (2) using heat flow approach. Recently, Venugopalan [21] studied the heat flow of a Yang-Mills-type functional similar to (2) on the space of gauged holomorphic maps using another approach. Now let's describe the outlines of this paper. First we will give the generalized covariant derivative d A (see section 2) introduced in [5] 
and strictly define the Yang-Mills-Higgs functional
Then we adopt Urakawa's approach [20] and strictly deduce the EulerLagrange equations of Yang-Mills-Higgs functional as follows:
We can see that the Euler-Lagrange equations above are common generalization of harmonic maps and Yang-Mills connections. Therefore, we are interested in studying the Euler-Lagrange equations and consider the following heat flow equations
of the fiber bundle
exists an unique global smooth solution (A, u) in X × [0, +∞) with initial value
For the proof of theorem, we follow Donaldson's approach [6, 8] to consider a flow of gauge transformation which is equivalent to (5), (6) :
with h(0) = I. After that, we introduce the generalized Kähler identities and then prove some fundamental lemmas. Then modifying the idea of Donaldson, we obtain a local and global existence of the unique solution to (7) with initial value h(0) = I.
Next we recall the definition of c-stability of [14] . Then by studying the limiting behavior of the heat flow as t → ∞, we can prove the key inequality [14, lemma 6 .1] which is critical to the proof of the sufficiency part of Hitchin-Kobayashi correspondence theorem as follows: 
where the definitions of M et p 2,B and Ψ c can be seen in section 4. This paper is organized as follows. In section 2, we define Yang-MillsHiggs functional and strictly deduce its Euler-Lagrange equations. In section 3, we study the heat flow of Yang-Mills-Higgs functional and prove Theorem 1.1. As an application, we give another proof of Theorem 1.2 using the heat flow technique.
Preliminaries

Yang-Mills-Higgs functional
Suppose that X is a compact Kähler manifold, G is a compact connected Lie group, and P → X is a principle G-bundle on X. Let (M, ω) be a compact symplectic manifold, and let G acts on M by symplecttomorphisms. Let g=Lie(G) denote the Lie algebra of G. For every ξ ∈ g, denote by X ξ : M → T M the vector field whose flow is given by the action of the 1-parameter subgroup generated by ξ. Suppose that the Lie algebra g carries an invariant inner product < ·, · >. The action of G is called Hamiltonian if there exists an equivariant map µ : M → g such that, for every ξ ∈ g,
This means that X ξ is the Hamiltonian vector field of the function < µ, ξ >. The map µ is called a moment map. Now suppose that (M, ω, µ) is a symplectic manifold with a Hamiltonian group G-action. Denote by J (M, ω, µ) the space of all almost complex structures J on T M which are invariant under the G-action and compatible with the symplectic structure ω; that is , ω is J-invariant, and g(·, ·) = ω(·, J·) is a Riemannian metric on M . It follows from [12, Prop. 2.50 ] that the space J (M, ω, µ) is nonempty and contractible. Define an operator
Lemma 2.1. Suppose that (M, ω, µ) is a symplectic manifold with a Hamiltonian group G-action. Take a ω-compatible almost complex structure J on M , we have identities
where L * x is the adjoint operator of L x with respect to the invariant inner product < ·, · > and the Riemannian metric g(·, ·) = ω(·, J·).
Proof. First by the definition of moment map and L x , we have
By the definition of the Riemannian metric g(·, ·), we have
At the same time, ∀η ∈ T x M we have
By (9), (10), (11), we obtain
Let A be the space of connections on P , A 1,1 ⊂ A be the space of connection whose curvature belongs to Ω 1,1 (P × Ad g). Let F = P × G M → X be the associated bundle on X with fiber M , L be the space Γ(F) of smooth sections of F.
In order to define Yang-Mills-Higgs functional for pairs A 1,1 ×L, it will be necessary to extend the definition of covariant derivative on vector bundles to general fiber bundles.
According to [2] , there is a representation of the sections of the associated fibration F = P × G M → X as functions on the corresponding principle bundle π : P → X. This representation is extremely useful in doing calculations in a coordinate free way.
By Theorem 2.2, from now on we can identify L as C ∞ G (P, M ). We define the covariant derivative on fiber bundles F = P × G M → X( see [5] for more details). ∀u ∈ L = C ∞ G (P, M ). The connection A on P determines a connection on the fiber bundle F = P × G M → X. More precisely, the tangent space of F at [p, x] is the quotient
the vertical space consists of equivalence classes of the form [0, w] with w ∈ T x M , and the horizontal space consists of those equivalence classes [v, w] where v ∈ T p P and w ∈ T x M satisfy w + X Ap(v) (x) = 0. The covariant derivative of a section u : P → M with respect to the connection A is the
It is easy to check that this 1-form is actually G-equivariant, and it satisfies d A u(p)pξ = 0, ∀ξ ∈ g. Hence it actually defines a covariant derivative on the fibration
Recall the definition of the operator L, then we can rewrite the covariant derivative as
We can rewrite identities of lemma 2.1. as follows
, we have identities
Now fix a central element c ∈ g. The Y ang-M ills-Higgs functional
We can see that the functional is composed of the Yang-Mills functional
Next we compute its critical points equations.
The Euler-Lagrange equations
Adopting [20] 's method, first fix the connection A and take a variation
is fixed, and we only need calculate E 2 and E 3 . Choose a metric h on P ,
In the local coordinates, we can write
where
and
Therefore we have
By compatibility between metrics and connections above,
By symmetry,
Using the equivalent definition of connection by parallel translation, we get
As for
Thus the first variation formula of Yang-Mills-Higgs functional for u is: In all, we get the first Euler-Lagrange equation with respect to u:
Next we fix u and study the first variation formula for A ∈ A. It is obvious that we only need compute
First we recall the variation of connection ( [10] ). Because space of connection on principle G-bundle P → X is an affine space:
where adP is the associate bundle of P with respect to the adjoint representation of G. Thus it suffices to vary A along lines
It is easy to compute
So we have
A is adjoint operator of D A . Therefore we obtain the second Euler-Lagrange equation of the YangMills-Higgs functional for A:
To sum up, we obtain
Theorem 2.4. The Euler-Lagrange equations of Yang-Mills-Higgs functional
are as follows:
Remark 2.1. When G = 1, then the Euler-Lagrange equations above can be reduced to the equation of harmonic maps
. When the fiber M = pt, then the Euler-Lagrange equations above can be reduced to the equation of Yang-Mills connections [1, 6] :
Therefore, the Euler-Lagrange equations of Yang-Mills-Higgs functional are common generalization of harmonic maps and Yang-Mills connections. In addition, there is the gauge group G = Aut(P ) action on pair (A, u). Similar to the Yang-Mills functional , the Yang-Mills-Higgs functional is invariant under group G action, therefore we have Proposition 2.5. The Euler-Lagrange equations above are invariant under the gauge group G = Aut(P ) action.
Heat flow
In this section, we will prove the long term existence of the heat flow of Yang-Mills-Higgs functional (2) . The heat flow equations are
Modifying Hong [8] 's method, we first prove the energy inequality of YangMills-Higgs functional.
Energy inequality
Consider the behavior of the Yang-Mills-Higgs functional YMH(A t , u t ) along the heat flow equations
Following [8] , we can similarly obtain (5), (6) 
Proof. On one side, by (5), (6) we have
On the other side,
Integration on both sides we complete the proof. 
Local existence
Following Donaldson's approach [6, 8] , consider the complex gauge group G C , which acts on A 1,1 bȳ
where g * denotes the conjugate transpose of g. Extending the action of the unitary gauge group,
which means
where h = g * g.
Consider following heat equation for a one-parameter family H t of metrics on some holomorphic bundle over X:
whereF t = ∧F Ht . This heat equation is completely equivalent to the equation:
with h(0) = I, where △ A 0 is the Laplacian defined through an integrable connection A 0 (∂ 2 A 0 = 0), h is a positive self-adjoint endomorphism of a unitary bundle such that H(t) = H 0 h(t), and H 0 is the initial Hermitian metric on P . As pointed out in [6, 8] , (18) is a nonlinear parabolic equation, so we obtain a short time solution to (18) by standard parabolic PDE theory. Therefore we obtain a short-time solution to (18) .
Then we need do some necessary calculations. First we need generalize the Kähler identities ( [6, 7, 11] ) from vector bundle-values case to fiber bundle-values case where the fibre is a manifold not a vector space.
Fix the Kähler metric on X as
and define the Kähler form ω X as
Let A be a connection on the principal bundle P over the Kähler manifold X, so we have
Then we have
where j is the fixed complex structure of the Kähler manifold X, and J is a ω-compatible almost complex structure of the symplectic manifold M . We denote Ω k the k-form and recall the decomposition
of k-forms into (p, q) forms. On the Kähler manifold X with Kähler form ω X we define
The we can define an algebraic trace operator ∧ by
Through the definition of ∧, we have 
Proof. Our case is essentially same as vector bundle-value case [6, 7, 11] .
Then we will do some calculations.
Lemma 3.4. Let
is holomorphic with respect to the connection A 0 and J (A 0 and J determine a holomorphic structure on P × G M ), i.e.,∂ A 0 u 0 = 0. Assume that A(t) = g(t)(A 0 ), u(t) = g(t)(u 0 ), g(t) ∈ G C . Then we havē
Proof. By (15) and (16), we havē
where h = g * g. Thus by the transformation formulas and conditions above we have
This completes the proof.
Lemma 3.5. Assume the same conditions as lemma 3.4. and write
we have
Proof. By previous definitions of∂ A , ∂ A , we have
where j is the fixed complex structure of X, i = √ −1. On the other hand, by lemma 2.3, we have
By lemma 3.4, we know
Thus combining (23),(24) and (25) we complete the proof.
Lemma 3.6. Suppose that M is a compact Kähler manifold. Let
Proof. First by Bianchi identity d A F A = 0 we have
By lemma 3.4 we know
Thus by generalized Kähler identities (lemma 3.3) and (28) we have
Lemma 3.7. Assume the same conditions as lemma 3.6, we have
Proof. By generalized Kähler identities and lemma 3.4,
and we also have
This completes the proof of lemma 3.7. Now take any g ∈ G C such that g * g = h (for example g = h 1/2 ). Since h solve (18), we have
Here we use a fact that the moment map µ is equivariant, i.e., gµ(u 0 )g −1 = µ(g(u 0 )) = µ(u). Then as [8] , at the time t,
Due to lemma 3.5 and lemma 3.6, we have
where α(t) is defined by α(t) = 1 2 (g * ∂g * ∂t − ∂ t gg −1 ).
Using (29) we obtain
By lemma 2.3, lemma 3.4 and lemma 3.7, we have
Assume h is the solution of (18), let g = h Now let S(t) be the unique smooth solution to the following initial value problem:
Combining these equalities with (32), we have
We ultimately get a smooth solution on X × [0, ǫ). This completes the proof of the following local existence theorem: 
Global existence
Recall the equivalent heat equation (17) ∂H
In order to study the uniqueness of heat flow, we also introduce a distance between metrics as in [6] .
Definition 3.1. For any two metrics H, K on the principle G-bundle P , set
It follows immediately from that the inequality
that σ(H, K) ≥ 0 with equality if and only if H = K. Following [6] , we can prove a lemma which is exactly the same as [6, Prop. 12] Lemma 3.9. If H t , K t are two solutions of the evolution equation (17) , then writing σ = σ(H, K), we have
Using lemma 3.9, we can prove local uniqueness of the heat equation (17) Theorem 3.10. (Local uniqueness) Any two smooth solutions H t , K t , which are defined for 0 ≤ t < ǫ, are continuous at t = 0, and we have the same initial condition H 0 = K 0 , agree for all t ∈ [0, ǫ).
Proof. Using lemma 3.9, apply the maximum principle to σ(H t , K t ). Now we prepare to prove global existence of the heat flow (5), (6) . Recall that we take an invariant inner product on g, which induces a norm | · |.
By Theorem 3.8, assume that (A, u) is a solution of the Yang-Mills-Higgs heat flow (5), (6) on X × [0, T ): 
where △ = ∇ * A ∇ A is the Laplacian.
To prove this theorem, it suffices to prove an equality Lemma 3.12. Assume the same conditions as in Theorem 3.11, we have
Proof. By direct computation, we have 1 2
And we also have
Then add equalities above, we have 1 2
On the other hand, we have
Combining equalities above we complete the proof of lemma 3.12.
Lemma 3.13. Assume the same conditions as in Theorem 3.11, then sup Xê is a decreasing function of t.
Proof. This follows from Theorem 3.11 and the maximum principal for the heat operator (
Then using this lemma, we can prove the following lemma similar to [8, Lemma 8] .
Corollary 3.14. Let H(t) = H 0 h(t) where h(t) is smooth solution of (18) in X × [0, T ) with the initial value H 0 for a finite time T > 0. Then H(t) converges in C 0 to a nondegenerate continuous metric H(T ) as t → T .
Using almost the same procedure as [6] (or [8] ), we can further prove Lemma 3.15. Let H(t), 0 ≤ t < T , be any one-parameter family of Hermitian metrics on a holomorphic principal bundle P over a compact Kähler manifold X such that (i) H(t) converges in C 0 to some continuous metric
Now we can prove the global existence of (17) in the following theorem. 
has a unique solution H(t) which exists on X for 0 ≤ t < ∞.
Proof. The proof is totally similar to [8] , so here we only give a sketch. The local existence and uniqueness of this equation has been proved by previous result. Suppose that the solution exists for 0 ≤ t < T . By lemma 3.13, sup X |F H | 2 is bounded independently of t ∈ [0, T ) andF H is bounded independently of t ∈ [0, T ). By corollary 3.14, H(t) converges in C 0 to a nondegenerate continuous limit metric H(T ) as t → T . Thus by lemma 3.15,
where h(t) solves
Then it is totally the same as the proof of [8, Theorem 11] to prove that h is C 2,α and ∂h ∂t is C α with bounds independent of t ∈ [0, T ). Thus H(t) → H(T ) in C 2,α , hence in C ∞ . For the initial value H(T ) we use local existence theorem (Theorem 3.8) again. Therefore the solution continues to exist for t < T + ǫ, for some ǫ. This completes the proof.
Proof of Theorem 1.1. By Theorem 3.8, Theorem 3.10 and Theorem 3.16, we can immediately obtain Theorem 1.1.
Application
In this section we will use the heat flow of Yang-Mills-Higgs functional to give a new proof of Theorem 1.2 which is critical to his Hitchin-Kobayashi correspondence theorem [13, 14] . The idea is the same as [8] 's approach to combine Donaldson's method [6] with Uhlenbeck and Yau's method [19] . Due to the property of the heat flow, we apply a well-known PDE result to prove an inequality which relates C 0 and L 1 norms of s ∈ M et
Then we prove
After combining the two inequalities, we can prove Theorem 1.2.
c-stability
First let's recall the definition of c-stability [14] . Suppose that (M, ω, µ) is a compact symplectic manifold with a Hamiltonian group G-action and µ : M → g is the corresponding moment map, where the Lie algebra g carries an invariant inner product < ·, · >. Definition 4.1. ∀x ∈ M and s ∈ g. Let λ t (x; s) = µ s (e its x) =< µ(e its x), s >. Define the maximal weight λ(x; s) of the action of s on x to be λ(x; s) = lim t→∞ λ t (x; s) ∈ R ∪ {∞}.
Let g = Lie(G), we have g = l ⊕ g s , where l is the center of g, and g s = [g, g] . Suppose that h ⊂ g s is a Cartan subalgebra , and R ⊂ h * is the set of roots, then we have g = l⊕h⊕ α∈R g α , where g α ⊂ g s is the subspace on which h acts through the character α ∈ h * . We can decompose the set R of roots in positive and negative roots as: R = R + ∪ R − . Write the set of simple roots △ = (α 1 , . . . , α r ) ⊂ R + . Take a maximal compact subgroup K ⊂ G, and let k = Lie(K). Then take any subset A = {α i 1 , . . . , α is } ⊂ △, and let
Definition 4.2. We call the subalgebra q = l ⊕ h ⊕ α∈D g α parabolic subalgebra of g with respect to A ⊂ △. The connected subgroup Q of G whose subalgebra is q is called the parabolic subgroup of G with respect to A. Let λ 1 , . . . , λ r be the set of fundamental weights, then we call any positive (resp. negative) linear combination of the fundamental weights λ i 1 , . . . , λ is plus an element of the dual of i(l ∩ k) a dominant (resp. antidominant) character on q (or on Q).
Definition 4.3. Let P → X be principal G-bundle, P G = P × K G, and P (G/Q) = P G × G (G/Q). We call the space Γ(P (G/Q)) of sections of the bundle P (G/Q) as the space of reductions of the structure group of P G from G to Q. A reduction σ is holomorphic if the map σ : X → P (G/Q) is holomorphic.
According to [14] , there is a section g σ,χ ∈ Ω 0 (P × Ad ik) which is fiberwise the dual of χ for a parabolic subgroup Q ⊂ G, a reduction σ ∈ Γ(P (G/Q)) and an antidominant character χ. [14] has also proved that L is a Kähler manifold with a Hamiltonian G K (= Γ(P × Ad K)-group action, its corresponding moment map is
Therefore, we can define the maximal weight of s ∈ Lie(
Fixing any central element c ∈ l ∩ k, ∀u ∈ L, we define the c−total degree of the pair (σ, χ) as follows:
where the definition of deg(σ, χ) can be found in [14] . Definition 4.4. A pair (A, u) ∈ A 1,1 ×L is called c-stable, if for any X 0 ⊂ X whose complement X \ X 0 is a complex codimension 2 submanifold of X, for any parabolic subgroup Q ⊂ G, for any antidominant character χ of Q, and for any holomorphic reduction σ ∈ Γ(X 0 ; P (G/Q)), we have 
Heat flow proof of Mundet's theorem
According to [14] , both A 1,1 and L are Kähler manifolds. Hence A 1,1 × L is also a Kähler manifold with a Hamiltonian G K -action, and the moment map is µ c (A, u) = ∧F A + µ(u) − c. Then we have the integral of the moment map Ψ c (for more details see [13, 14] ) defined on A 1,1 × L × G G . We will see that if the pair (A, u) ∈ A 1,1 × L is c-stable, then the map Ψ c satisfies an inequality like that in [4, 16] . This method is almost the same as that appears in [8] . Therefore, we only give a sketch in some steps of the proof, referring to [8] (or [4] ) for details.
Recall that there is an invariant inner product <, > on g which induces a norm | · |. On Ω 0 (P × Ad g) we can define the L p norm:
and the L p 2 norm:
where d A is the covariant derivative with respect to the connection A, and
where ∇ LC is the Levi-Civita connection. Now we can define where B ∈ R + . Next using previous theorems on the global existence of heat flow in section 3, we can prove a lemma totally similar to [8, lemma 12] : Lemma 4.2. Let H(t) = H 0 h(t) = H 0 e s(t) be Hermitian metrics which h is the global solution of (18) on X × [0, +∞). Then for any sequence of t j → ∞, Tr(∧F H (t j ) + µ(e s(t j ) u 0 )) converges to some constant α in weakly L 2 1 . Moreover, X < µ(e s(t j ) u 0 ), s(t j ) > also converges a constant as t j → ∞.
Proof. By lemma 3.1 (energy inequality), we know
as t j → ∞. By lemma 3.5 and lemma 3.6 we have
Therefore |∇ A (∧F A(t j ) + µ(u(t j )))| 2 = |L * u(t j ) d A(t j ) u(t j ) + D * A(t j ) F A(t j ) | 2 → 0.
Since ∇ A T r = T r∇ A , we have |∇ A T r(∧F A(t j ) + µ(u(t j )))| 2 → 0.
By Theorem 3.11, we know that | ∧ F A(t j ) + µ(u(t j ))| is bounded and then T r(∧F H (t j ) + µ(e (t j ) u 0 )) = T r(∧F A(t j ) + µ(u(t j ))) → α, weakly in L 2 1 as t j → ∞ for some function α with ∇α = 0. This means that α is a constant. By Chern-Weil theory, we have 2i T r(∧F H + µ(e s u 0 )) = 4πC 1 (P ) + 2i < µ(e s u 0 ), s > .
Then lim t j →∞ < µ(e s(t j ) u 0 ), s(t j ) >= αV ol(X) + 2iπC 1 (P ).
This completes the proof. 
Proof. The proof is totally similar to the proof of [8, lemma 13] .
Proof of Theorem 1.2. Using lemma 4.3, and following Simpson's method [8, 16] , we can prove Theorem 1.2.
For H = H 0 h = H 0 e s , define the integral of the moment map (see [14] for more details) as follows: But this contradicts the c-stability condition. Thus we complete the proof of Theorem 1.2.
